Abstract. In this paper, we construct coherent states for each generalized Bergman space on the ndimensional complex projective space in order to apply a coherent states quantization method. Doing so allows to define the Berezin transform for these spaces. In particular, we provide a variational formula for this transform by means of the Fubini-Study Laplace operator which reduces when n = 1 and for the lowest spherical Landau levels to the well-known formula previously given by Berezin himself.
Introduction
The Berezin transform was introduced and studied in [2] , [3] , for classical complex symmetric spaces and in [4] , [7] , [10] for the Bergman, Hardy and Bargman-Fock spaces. This is a quite relevant transform relating the covariant and the contravariant symbols of a bounded linear operator which is also useful in quantization theory and in the correspondence principle. In [2] , the author used the correspondence principle to express this transform in the sphere and in the Lobachevsky plane through their corresponding Laplace-Beltrami operators. More generally, the Berezin transform stemming from systems of coherent states attached to generalized Bergman spaces on C n , n ≥ 1 and the hyperbolic complex unit ball B n were introduced in [13] and [9] respectively. There, these spaces arise as eigenspaces of a Schrödinger operator with a uniform magnetic field corresponding to Euclidean and hyperbolic Landau levels and generalizations of Berezin formula were given (see also [15] and for Berezin formulas on B n and C n ). Yet another expression for the Berezin transform on B n in the magnetic setting were derived in [6] using the Fourier-Helgason transform and involves the Wilson polynomials ( [1] . In this paper, we are interested in the n-dimensional complex projective space CP n , n ≥ 1 model endowed with its Fubini-Study metric for which we construct a system of coherent states. Actually, the latter are attached to eigenspaces of a Schrödinger operator with a uniform magnetic field in CP n which we also refer to as generalized Bergman spaces. These coherent states are then used to define the Berezin transform in this magnetic setting, for which we provide a variational formula by means of the Fubini-Study Laplace operator. In particular, we recover the original formula of Berezin for the complex projective line which corresponds here to the lowest spherical Landau level. Note that these findings complete the aformentionned analyses of magnetic Berezin transforms on phase spaces modeled by rank-one complex symmetric spaces. Moreover, the existence of such variational formulas is ensured by the fact that the algebra of bi-invariant operators on these phase spaces are generated by their Laplace-Beltrami operators since the Berezin transforms commute with translation operators of the underlying Lie groups ( [3] ). At the physical level, it is worth noting that the variational formula is represented through the FubiniStudy Laplace operator which describes the motion of a free particle. Therefore, our strategy leading to this formula transfers the effect of the magnetic field at a higher spherical Landau level only the representing function. As a matter of fact, it sheds the light on the interplay between the geometry of the phase space on the one hand and the physical quantities on the other hand. This phenomenon has the same flavor as diamagnetic inequalities (see e.g. [16] ). The paper is organized as follows. In the next section, we outline the formalism of coherent states quantization. In the third section, we recall from [5] the spectral theory of the magnetic Schrödinger operator on CP n giving rise to the generalized Bergman spaces. In particular, we also exhibit the spectral function of the Fubini-Study Laplacian. In the fourth section, we attach a system of coherent states to each eigenspace and introduce the corresponding Berezin transform. The variational formula is then derived in the fifth section, whence we recover Berezin formula on the Riemann sphere. 
Coherent states quantization
In this section, we recall the formalism of coherent states quantization and refer the reader to the standard monograph [8] (p.72-75). Let (X, µ) be a measurable space and denote L 2 (X, µ) the space of µ-square integrable functions on X. Let A ⊂ L 2 (X, dµ) be a closed subspace (possibly infinite-dimensional) with an orthonormal basis {Φ j } ∞ j=0 and let (H, | ) be a infinite-dimensional separable Hilbert space equipped with an orthonormal basis {φ j } ∞ j=0 . Then the coherent states {| x >} x∈X in H are defined by
is the normalization factor such that x | x H = 1. These states provide the following resolution of the identity operator:
where | x >< x | is the Dirac bra-ket notation for the rank-one operator ϕ → x | ϕ x. Note in passing that the choice of the Hilbert space H defines a quantization of the space X by the coherent states defined by (2.1) via the inclusion map X ∋ x →| x >∈ H. In this respect, the property (2.3) bridges between classical and quantum mechanics. In fact, the (Klauder-Berezin) coherent states quantization consists in associating to a classical observable (that is a function on X with specific properties) the operator-valued integral:
The map f → A f is not one-to-one in general and for any given operator A on H, we call any function f such that A = A f its upper or contravariant symbol. On the other hand, the mean value x | A | x of A with respect to the coherent state | x > is referred to as the lower or covariant symbol of A. Consequently, we can associate to a classical observable f the expectation x | A f | x and as such, we get the Berezin transform of f defined by:
3. Generalized Bergman spaces on CP n Below, we recall from [5] the spectral theory of the magnetic Schrödinger operator ∆ ν in CP n , n ≥ 1:
where 2ν ∈ Z + (for sake of simplicity, we ommit the dependence of this operator on n). Namely, for λ ∈ C, we consider the equation
where F is a bounded function on C n , and define
In order to recall the description of these eigenspaces, we need to fix some notations. For p, q ∈ Z + , let H(p, q) denote the finite-dimensional space of all harmonic homogeneous polynomials in C n which are of degree p in z and of degree q inz and let H (p, q) be the space of spherical harmonics in H(p, q). Then, the spaces H (p, q) are pairwise orthogonal in L 2 (S 2n−1 , dw) and the dimension of H (p, q) is given by
Pick any orthogonal basis (h p,q ) of H (p, q) and introduce the set
From [5] , p.147, the eigenspace A ν m (CP n ) = {0} if λ ∈ D ν , otherwise it is not trivial if and only if λ has the form λ = ±(2(m + ν) + n) for some m ∈ Z + . When this condition is fulfilled, any function F (z) in A ν m (CP n ) admits the expansion:
where 2 F 1 (a, b, c; x) is the Gauss hypergeometric function ( [1] ) and F satisfies the growth condition (3.7)
Moreover, A ν m (CP n ) is finite-dimensional and its dimension is given by
where dw is the Lebesgue measure on C n , then A ν m (CP n ) admits a reproducing kernel given by When ν = 0, the operator ∆ ν in (3.1) reduces to the Fubini-Study Laplacian:
which has a discrete spectral decomposition with eigenvalues (−4k(k + n)) k≥0 . Besides, each eigenspace is finite-dimensional and has a orthonormal basis given by homogeneous spherical harmonics of degree zero. In particular, the kernel of the orthogonal projection from the L 2 (CP n , d F S ) onto the k-th eigenspace reads:
Thus, the spectral Theorem implies that for any suitable function u, the operator u(−∆ FS ) is an integral operator whose kernel is given by:
u(4k(k + n))ψ n (k; z, w). 
Berezin transforms attached to spherical Landau levels
Now, we specialize the definition (2.1) of coherent states to the generalized Bergman space A ν m (CP n ) by taking:
• X = CP n endowed with dµ n .
• The Hilbert space H carrying the quantum states of some physical system and its basis (φ p,q,j ) p,q,j will be specified when needed. With these data, we define the following: 
Using the special value ([1]):
we readily get
The states defined above satisfy the resolution of the identity
and allow for the quantization scheme described in section 2. As a matter of fact, we can define the Berezin transform of a classical observable f in the usual way: we first associate to f the operator-valued integral
then take the expectation z; ν, m | A f | z; ν, m with respect to the coherent state | z; ν, m >.
Notice that the kernel of the Berezin transform B 
Variational formula for the Berezin transform
We seek a function W = W ν m depending on m, ν such that
Appealing to (3.15) , the function W should solve the equation
where λ k := k(k + n). In order to get a solution to this equation, we need to expand the product of Jacobi polynomials in the left-hand side as a series of Jacobi polynomials (P
To proceed, we make use of the following instance of formula (52) in [17] , p.4467: for any α 1 , α, β > −1, any m, µ ∈ Z + and any t ∈ [0, 1], one has: 
where
Consequently, the Berezin transform is given by
Proof. Specializing (5.1) with
and using the symmetry relation P α,β
, we readily obtain
Observe that the sum over k terminates at 2ν and that
Similarly, the Kampé de Feriet series terminates at m and using the relation
satisfied by the Pochhammer symbol, we derive 
As a result, we should have
Keeping in mind (3.12) and (4.1), the last expression simplifies as
−m, 2ν + 1 + s, , 2ν + 1 + s, 2ν + m + n, 2ν − k + 1 + s, n + 2ν + 1 + k + s, 2ν + 1 ; 1 .
Solving the equation k(k + n) = λ in the variable k ≥ 0 for λ ≥ 0, we are done.
When m = 0, n = 1, we retrieve Berezin formula in the case of the Riemann sphere. Indeed, for these parameters, the function W A similar formula holds for m = 0 and general n ≥ 1.
